Dual Pfaff equations (of the form D a = 0, D a some vector fields of degree −1) preserved by the exceptional infinite-dimensional simple Lie superalgebras ksle(5|10), vle(3|6) and mb(3|8) are constructed, yielding an intrinsic geometric definition of these algebras. This leads to conditions on the vector fields, which are solved explicitly. Expressions for preserved differential form equations (Pfaff equations), brackets (similar to contact brackets) and tensor modules are written down. The analogous construction for the contact superalgebra k(1|m) (a.k.a. the centerless N = m superconformal algebra) is reviewed.
Introduction
The simple Lie algebras of vector fields (v.f.) were classified by Cartan in 1909 [3] . The classification consists of the four infinite series:
vect(n) general v.f. in n dimensions, svect(n) divergence-free v.f., h(n)
Hamiltonian v.f (n even), k(n) contact v.f. (n odd). The corresponding problem in the super case was only recently settled [5, 8, 13, 17] , building on earlier work in [1, 2, 4, 6, 7, 11, 12, 14, 15, 16, 18] . The classification consists of ten infinite series:
vect(n|m) arbitrary v.f. in n|m dimensions, svect(n|m) divergence-free v.f., h(n|m)
Hamiltonian v.f. (n even), le(n)
odd Hamiltonian or Leitesian v.f. ⊂ vect(n|n), sle(n) divergence free Leitesian v.f., k(n|m) contact v.f. (n odd), ko(n) odd contact v.f. ⊂ vect(n|n + 1), sko β (n) a deformation of div-free odd contact v.f., sle(n) a deformation of sle(n), sko(n) a deformation of sko(n). A geometric way to describe these algebras is by stating what structures they preserve, or what other conditions the vector fields obey: Algebra Basis Description/structure preserved
k(n + 1|m) t, u i , θ a dt + ω ij u i du j + g ab θ a dθ b = 0 ko(n) τ, u i , θ i dτ + u i dθ i + θ i du i = 0 sko β (n) τ, u i , θ i M f ∈ ko(n) : div β M f = 0 sle(n) u i , θ i (1 + θ 1 ..θ n )X, X ∈ sle(n) sko(n) τ, u i , θ i (1 + θ 1 ..θ n )X, X ∈ sko n+2 n (n) (1.1)
In this table, u i denotes bosonic variables, θ a and θ i fermionic variables, and t (τ ) is an extra bosonic (fermionic) variable. The indices range over the dimensions indicated: i = 1, ..., n and a = 1, ..., m. ω ij = −ω ji and g ab = g ba are structure constants. The notation α = 0 implies that it is this Pfaff equation that is preserved, not the form α itself; a vector field X = X µ (x)∂ µ acts on α as L X α = f X α, f X some polynomial function. vol denotes the volume form; vector fields preserving vol satisfy div X ≡ (−) Xµ+µ ∂ µ X µ = 0.
is a deformed divergence. In addition, there exist five exceptional algebras, all discovered by Shchepochkina [15, 16, 17] : vas(4|4), ksle(5|10), vle(3|6), mb(3|8), and kas(1|6); the last case was independently found by Cheng and Kac [4] . Here the numbers indicate the super-dimension of the space on which the algebras are realized. In fact, all these algebras except vas(4|4) have several regradings, i.e. they can be realized on spaces of different super-dimensions. I will always pick the consistent grading, i.e. the Z-grading where even subspaces are purely bosonic and odd subspaces purely fermionic.
In the mathematics literature, the exceptional Lie superalgebras are described in terms of Cartan prolongation. Unfortunately, this method is defined recursively in a way which does not exhibit the geometric content. The purpose of the present paper is to describe the structures preserved by three of the four consistently graded exceptions. Conversely, knowledge of these structures gives an intrinsic geometric definition of the algebras themselves. I also write down explicit equations satisfied by the vector fields in these algebras, give general solutions to these equations, explicitly write down the brackets (analogous to Poisson or contact brackets), and construct the tensor modules. This is listed as the first open problem in [17] . The present paper also gives a partial answer to the third item in Kac' vision list for the new millenium [9] .
Let g ⊂ vect(n|m) be an algebra of polynomial vector fields acting on C n|m . It has a Weisfeiler Z-grading of depth d if it can be written as
where the subspace g k consists of vector fields that are homogeneous of degree k, g 0 acts irreducibly on g −1 , and g −k = g k −1 . However, it is not the usual kind of homogeneity, because we do not assume that all directions are equivalent. Denote the coordinates of n|m-dimensional superspace by x µ and let ∂ µ be the corresponding derivatives. Then we define the grading by introducing positive integers z µ such that deg x µ = z µ and deg ∂ µ = −z µ . The operator which computes the Weisfeiler grading is Z = µ z µ x µ ∂ µ , and g k is the subspace of vector fields X satisfying [Z, X] = kX. If we only considered g as a graded vector space, we could of course make any choice of integers z µ , but we also want g to be graded as a Lie algebra:
The depth d is identified with the maximal z µ . We write g − = g −d + ...+ g −1 and g + = g 1 + g 2 + ...; g − is a nilpotent superalgebra and a g 0 module.
Cartan prolongation is defined as follows:
1. Start with a realization for the non-positive part g 0 ⋉ g − of g in n|m-dimensional superspace.
2. Define g k recursively for positive k as the maximal subspace of vect(n|m)
In this paper I will use the following alternative method to construct the prolong:
1. Again start with a realization for g 0 ⋉ g − .
2. Determine the set of structures preserved by this algebra.
Define the Cartan prolong
, as the full subalgebra of vect(n|m) preserving the same structures.
Clearly, the set of vector fields that preserve some structures automatically define a subalgebra of vect(n|m), so the problem is to find the right set. If the conditions imposed are too strong, the solution may be a finitedimensional algebra, and if they are too weak, the resulting algebra may not be simple. In analogy with the known cases listed above, it is natural to assume that such a structure is either some differential form, or an equation satisfied by forms (Pfaff equation), or a system of Pfaff equations. However, although such Pfaff equations can be constructed (and are so in this paper), it is simpler to consider the set of dual Pfaff equations, which are of the form D a = 0, where D a is some vector field in vect(n|m) of degree −1 (necessarily not in g). Denote the space spanned by such
At least in all cases considered in this paper, these two subalgebras are isomorphic nilpotent algebras. Now define the
, where f a b are some polynomial functions, depending on X.
To see that the second definition implies the first, let
Vector fields that preserve the dual Pfaff equationg −1 = 0 must also preserve the higher order equationsg −2 = 0 and, for mb(3|8),g −3 = 0. This gives rise to further conditions obeyed by the vector fields, but these additional relations are identities which follow fromg −1 = 0. A new feature in the exceptions is the appearance of certain symmetry conditions. These are genuinely new constraints which have no counterpart in the contact algebra.
The algebras under consideration in this paper have the following description as Cartan prolongs:
Here ⊠ denotes the smash product, n is the n-dimensional representation of sl(n) or so(n) and n * its dual. In addition, I apply the same technique to construct the contact algebras k(1|m) = (1, m, so(m)⊕gl (1)) * . Although the results for the contact algebras are not new, they are of interest for several reasons:
1. ksle(5|10), vle(3|6) and mb(3|8) are conceptually similar to k(1|m), albeit more complicated, so this is a good place to develop the machinery necessary for the exceptions.
2. The exception kas(1|6) is a subalgebra of k(1|6), so kas(1|6) satisfies the conditions described in section 2, together with some additional relations.
3. k(1|m) is consistently graded. In fact, the only simple Lie superalgebras with consistent gradings are k(1|m), ksle(5|10), vle(3|6), mb(3|8) and kas(1|6) [8] . The present paper thus describes every consistently graded simple Lie superalgebra, although no significant results are obtained for kas(1|6).
4.
For small values of m, the Laurent polynomial version of k(1|m) has a central extension, known in physics as the N = m superconformal algebra. The exceptional algebras do not admit central extensions, but being subalgebras of vect(n|m) they clearly have non-central Virasorolike extensions.
For vle(3|6) and mb(3|8), the degree zero subalgebra g 0 = sl(3)⊕sl(2)⊕ gl(1), i.e. the non-compact form of the symmetries of the standard model in particle physics. This suggests that these algebras may have important applications to physics [9, 10] 1 . To my knowledge, this is the only place where the standard model algebra arises naturally and unambigously in a mathematically deep context. Note that g 0 is not just any subalgebra of g, but that g is completely determined by g 0 ⋉ g − . Moreover, there is a 1-1 correspondence between g 0 and g irreps. E.g., the vect(n) = (n, gl(n)) * modules are tensor fields and closed forms, corresponding to gl(n) tensors. Therefore, one may speculate that a g symmetry may be mistaken experimentally for a g 0 symmetry.
Throughout this paper I use tensor calculus notation. A i denotes a contravariant vector and B j a covariant vector. Repeated indices, one up and one down, are implicitly summed over (Einstein convention). Derivatives are denoted by various types of d's (d, ∂ and ð). ǫ ab , ǫ ijk , ǫ ijklm and ǫ abcdef denote the totally anti-symmetric constant symbols in C 2 , C 3 , C 5 and C 6 , respectively. When dealing with the non-positive subalgebra g 0 ⋉ g − , all parities are known and it is convenient to explicitly distinguish between anti-symmetric (straight) and symmetric (curly) brackets:
and {A, B} = {B, A}. For general vector fields X = X µ (x)∂ µ (always assumed to be homogeneous in parity), the (straight) brackets are graded in the usual way:
, where the symbol (−) X is +1 on bosonic components and −1 on fermionic ones. The sign convention is that X acts as
The exceptional algebras are denoted by their names designed by Shchepochkina [17] . Kac and collaborators instead use the names E(5|10) = ksle(5|10), E(3|6) = vle(3|6), E(3|8) = mb(3|8), E(1|6) = kas(1|6), and K(1|m) = k(1|m). There are two reasons to choose Shchepochkina's convention. She was the one who discovered the exceptions, and Kac' notation does not exhibit the family structure of regradings. E.g., mb(3|8) have three regradings (realizations on superspaces of different dimensions): mb(3|8)(4|5) : 2, mb(3|8)(5|6) : 2, mb(3|8) : 3, where the number after the colon indicates depth.
k(1|m)
Consider C 1|m with basis spanned by one even coordinate t and m odd coordinates θ a , a = 1, 2, ..., m. Let deg θ a = 1 and deg t = 2. The graded Heisenberg algebra has the non-zero relations
where d a = ∂/∂θ a and ∂ 0 = ∂/∂t. Introduce an constant metric g ab = g ba with inverse g ab . The metric and its inverse are used to raise and lower indices, so θ a = g ab θ b and θ a = g ab θ b , etc. The contact algebra k(1|m) is generated by vector fields of the form
where f = f (θ, t) is a function on C 1|m . These vector fields satisfy the
where the contact bracket reads
By expanding f (θ, t) in a power series in θ a we obtain more explicit descriptions of the contact bracket. 
The non-zero bracket in g − reads
One notes that (2.5) defines a Clifford algebra, with D a playing the role of gamma matrices and E that of the unit operator. The analogous nilpotent algebras for the exceptions, (4.4), (5.9) and (6.4), constitute interesting generalizations of Clifford algebras. A basis forg −1 is given by
which satisfy
Any vector field in C 1|m has the form
where
provided that
and (2.7) in the form E =
However, this is an identity which follows from (2.11) by considering D a D a Q, so no new independent conditions on the vector fields arise. The pairing D a , α = 0 gives 14) or more explicitly α = dt + g ab θ a dθ b . We now show that α satisfies a Pfaff equation:
In particular,
One checks that
Thus the Pfaff equation α = 0 is preserved by g − and g 0 and therefore by all of k(1|m) ⊂ vect(1|m). An explicit calculation yields
Since the Pfaff equation α = 0 is preserved, we have
Substitution into the formula above shows that X must satisfy (2.11). More generally, consider C 2n+1|m with basis spanned by 2n even coordinates u i , i = 1, 2, ..., 2n, m odd coordinates θ a , a = 1, 2, ..., m, and one additional even coordinate t. Let ω ij = −ω ji be anti-symmetric structure constants and let g ab = g ba , as before. k(2n + 1|m) is the subalgebra of vect(2n + 1|m) which preserves the Pfaff equation α = 0, where
Hence k(1|m) has two natural classes of tensor modules, with bases α and γ a and module action
Assuming that α and γ a are fermions, we can now construct the volume
Since α has degree +2 and v γ has degree −m, the form v 2 γ α 2 is invariant, which implies the relation (2.13). For m = 2, the invariant form is the volume form and (2.13) becomes div X = 0.
From the vector density γ a with weight −1 we can construct a vectorγ a of zero weight, transforming as
Hence we obtain the explicit realization
where X acts trivially onγ a and
ThusJ ab andZ generate the Lie algebraḡ 0 = so(m)⊕gl (1) . However, it is clear that L X will satisfy the same algebra for every representation ofḡ 0 . Substitution of irreducibleḡ 0 modules into (2.23) gives the tensor modules for k(1|m). In particular, the expressions for g 0 becomes L J ab = J ab +J ab , L Z = Z +Z, i.e. two commuting copies of g 0 .
To obtain an explicit expression for the vector fields in k(1|m), we set Q = f (θ, u), an arbitrary polynomial function. From (2.9) and (2.11) we obtain P a = 1 2 (−) X D a f , and
One checks that this contact bracket is related to (2.
3 kas(1|6) k(1|6) contains the exceptional simple subalgebra kas(1|6). Clearly every vector field in kas(1|6) preserves the Pfaff equation (2.14), but in addition there is a condition coming from degree +1. The description here closely follows [5] . (6); recall that the metric g ab is used to lower indices. Denote the corresponding so(6) modules V + and V − , respectively, and let M be the so(6) module corresponding to f = tθ a . kas(1|6) is obtained by requiring that
The contact vector fields in k(1|m) at degree +1 are
For m = 6, we can define the dual of B abc as
kas(1|6) is obtained by requiring that B abc be self-dual, i.e. B abc = B * abc .
A similar construction can be carried out for m = 4; the corresponding subalgebra of k(1|4) is finite-dimensional [5] . The k(1|2n) subspace g n contains two subspaces that are isomorphic as so(2n) modules, but it is not possible to eliminate one of them when 2n > 6.
I have not been able to formulate kas(1|6) as an algebra of vector fields preserving some Pfaff equation or dual Pfaff equation.
ksle(5|10)
Consider C 5|10 with basis spanned by five even coordinates u i , i = 1, 2, 3, 4, 5 and ten odd coordinates θ ij = −θ ji . Let deg θ ij = 1 and deg u i = 2. The graded Heisenberg algebra has the non-zero relations 
which is the operator that computes the Weisfeiler grading, is not part of g 0 . However, for convenience we will also consider the non-simple algebra ksle(5|10) = (5, 5 * ∧5 * , gl(5)) * , obtained by adjoining Z to (4.3). It was shown in [5] that ksle(5|10) = ksle(5|10)⊕CZ.
The non-zero brackets in g − read
A basis forg −1 is given by
Any vector field in vect(5|10) has the form
where the 1 2 is necessary to avoid double counting and
X preserves the dual Pfaff equation
[X,
In particular, we have the symmetry relations
and (4.6) in the form
However, (4.13) is an identity which follows from (4.10) by considering ǫ ijkln D ij D kl Q m , so no new independent conditions on the vector fields arise. The pairing D ij , α k = 0 gives
We now show that α i satisfies a Pfaff equation:
(4.17)
An explicit calculation yields
Since the Pfaff equation
Substitution into the formula above yields the condition (4.10).
Hence ksle(5|10) has two natural classes of tensor modules, with bases α i and γ ij and module action
Assuming that α i and γ ij are fermions, we can now construct the volume forms v α = α 1 α 2 α 3 α 4 α 5 and v γ = γ 12 γ 13 γ 14 γ 15 γ 23 γ 24 γ 25 γ 34 γ 35 γ 45 , transforming as
Since v α has degree +10 and v γ has degree −10, the form v α v γ is invariant, which implies the relations (4.14). From (4.20) we deduce the transformation laws for a scalar density v of weight +1, an sl(5) vectorᾱ i and an sl(5) bivectorγ ij :
whereĪ i j andZ generate the Lie algebraḡ 0 = gl(5) and X commutes with g 0 . This expression holds for the non-simple algebra ksle(5|10); for ksle(5|10) Z = 0. By introducing canonical conjugate oscillatorsᾱ * i and v * , subject to the Heisenberg algebra [ᾱ * i ,ᾱ j ] = δ k andZ = vv * . However, it is clear that L X will satisfy the same algebra for every representation of gl (5). Substitution of irreducibleḡ 0 modules into (4.23) gives the tensor modules for ksle(5|10). In particular, the expressions for g 0 become
e. two commuting copies of g 0 . To obtain an explicit expression for the vector fields in ksle(5|10), we set Q i = f i (θ, u), five arbitrary polynomial functions. From (4.8) and (4.10) we obtain P ij = 1 12 (−) X ǫ ijklm D kl f m and
where f = f i (θ, u)∂ i is a vector field acting on C 5|10 and (−) f = +1 if f is an even vector field, i.e. f i is an even function. Due to the symmetry condition (4.11), the components f i are not independent, but subject to the relation
This condition may alternatively be written as 2
There is one additional relation, which singles out ksle(5|10) ⊂ ksle(5|10):
This extra condition is clearly satisfied by all operators in (4.3), except for
Finally we list the vector fields f and U f for g 0 ⋉ g − :
Other vector fields f of non-positive degree are not compatible with the symmetry condition (4.25). Clearly, the vector field corresponding to U f = Z does not satisfy (4.26).
vle(3|6)
, and the brackets read [5] [
. In this and the next section we use some special relations valid in two dimensions only:
Our convention is ǫ 12 = ǫ 21 = +1, ǫ 21 = ǫ 12 = −1. The constants ǫ ab and ǫ ab can be used to raise and lower sl(2) indices. Consider C 3|6 with basis spanned by three even coordinates u i , i = 1, 2, 3 and six odd coordinates θ ia . Let deg θ ia = 1 and deg u i = 2. The graded Heisenberg algebra has the non-zero relations
where ∂ i = ∂/∂u i and d ia = ∂/∂θ ia . The non-positive part of vle(3|6) ⊂ vect(3|6) is spanned by the vector fields deg vector field
The non-zero brackets in g − are
Any vector field in vect(3|6) has the form
and (5.11) in the form
However, (5.18) is an identity which follows from (5.15) by considering ǫ ijl ǫ ab D ia D jb Q k , so no new independent conditions on the vector fields arise. The pairing D ia , α j = 0 gives
Substitution into the formula above yields the conditions (5.15).
Hence vle(3|6) has two natural classes of tensor modules, with bases α i and γ ia and module action
Assuming that α i and γ ia are fermions, we can now construct the volume forms v α = ǫ ijk α i α j α k and v γ = ǫ ijk ǫ lmn ǫ ad ǫ be ǫ cf γ ia γ jb γ kc γ ld γ me γ nf , transforming as
Since v α has degree +6 and v γ has degree −6, the form v α v γ is invariant, which implies the relation (5.19). From (5.26) we deduce the transformation laws for a scalar density v of weight +1, an sl(3) vectorᾱ i and an sl(3)⊕sl(2) vectorγ ia :
I have not obtained any explicit expression for an sl(2) vectorβ a , but in view of (5.27) it is natural to assume that it transforms as
Hence we obtain the explicit realization (3)⊕sl (2)⊕gl (1) . Substitution of irreducibleḡ 0 modules into (5.29) gives the tensor modules for vle(3|6). In particular, the expressions for g 0 become
and L Z = Z +Z, i.e. two commuting copies of g 0 .
To obtain an explicit expression for the vector fields in vle(3|6), we set Q i = f i (θ, u), three arbitrary polynomial functions. From (5.13) and (5.15) we obtain P a i = −
where f = f i (θ, u)∂ i is a vector field acting on C 3|6 and (−) f = +1 if f is an even vector field, i.e. f i is an even function. Due to the symmetry condition (5.16), the components f i are not independent, but subject to the relation
Finally we list the vector fields f and V f for g 0 ⋉ g − :
Other vector fields f of non-positive degree are not compatible with the symmetry condition (5.31).
mb(3|8)
Let u = (u i ) ∈ C 3 , i = 1, 2, 3, and let z = (z a ) ∈ C 2 , a = 1, 2. Let ξ = ξ i (u)∂/∂u i be a vector field, let X = X a b (u)T b a be an sl(2)-valued current, let ω = ω i a (u)∂/du i dz a be a C 2 -valued vector field, and let σ = σ a (u)∂/∂z a be a C 2 -valued function. Here T a b ∈ sl(2):
and
Consider C 3|8 with basis spanned by three even coordinates u i , i = 1, 2, 3, six odd coordinates θ ia , and two more odd coordinates ϑ a . Let deg θ ia = 1, deg u i = 2 and deg ϑ a = 3. The graded Heisenberg algebra has the non-zero relations
where ∂ i = ∂/∂u i , d ia = ∂/∂θ ia , and ð a = ∂/∂ϑ a . The non-positive part of mb(3|8) ⊂ vect(3|8) is spanned by the vector fields deg vector field
To verify these brackets one must make use of (5.6), and the Jacobi identity {{D ia , D jb }, D kc } + cyclic = 0 requires (5.5).
Any vector field in vect(3|8) has the form
Compatibility between
and (6.6) in the form
Hence (6.12) can be written as 
In view of (6.14), this means in particular
Also (6.17) are identities which follow from (6.6), (6.10) and (6.13), so no further independent conditions on the vector fields arise. The pairings D ia , α j = D ia , β b = 0 give We now show that α i and β a satisfy Pfaff equations:
α i , β a and γ ia , and module action
One notes that the homogeneous part of the first equation must define a module action by itself, since β a transforms homogeneously. Hence we set
Let us assume that α i and β a are fermionic. The volume forms v α = α 1 α 2 α 3 , v β = β 1 β 2 and v γ = γ 11 γ 12 γ 21 γ 22 γ 31 γ 32 transform as
Since v α and v β have degree +6 each, and v γ has degree −6, the forms v α v γ and v β v γ are invariant, which implies the relations (6.18). From (6.24) we deduce the transformation laws for a scalar density v of weight +1, an sl(3) vectorᾱ i , an sl(2) vectorβ a , and an sl(3)⊕sl(2) vector γ ia :
Hence we obtain the explicit realization L X = X + and L Z = Z +Z, i.e. two commuting copies of g 0 .
To obtain an explicit expression for the vector fields in mb(3|8), we set R a = f a (θ, u, ϑ), two arbitrary polynomial functions. From (6.8) and (6.10) we obtain 
